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Sand stalagmites built with wet sand appear on nearly every beach. However, people merely think
about why adding some water to sand will make it a building material like stone. This phenomenon
involves complicated physics such as capillary effect. Building a sandcastle is easy for a child, but
what’s hard is build a high castle using given amount of sand. In this paper we analyze the physical
principles behind the formation of sandcastles, and discuss the result of our experiments on the
parameters that affect the maximum height of a sand stalagmite. We find that, given the amount
of sand, the height increases as the sand grain size increases or as the height of water increases, and
the height is not influenced by the flow rate of pouring sand.

I.

INTRODUCTION

A sand stalagmite is commonly seen in caverns and
on beaches. Its formation process is, however, complicated. In this paper we tackle this seemingly innocent
but actually rich problem: what determines the height
of a sand stalagmite. Such a problem is closely related
to fluid mechanics and, in particular, the capillary effect,
which also governs various other phenomena. Therefore
studying it not only helps one become an expert player
of sand, but also (more importantly) demystifies a wide
range of similar problems, some of which may have great
practical values.
We design experiments to mimic sand stalagmite formation by pouring sand from a certain height above into
a water-filled base plate. We then either measure the
maximal height or trace the variation of castle height
through formation time. From these we select three major factors (grain size of the sand, water height in the
base plate, and falling rate of the sand) and study their
influences in detail. We get inspiration on this project
from International Physicists’ Tournament [1].
This paper is structured as follows: in section 2 we
build a rough theoretical model and predict possible results; in section 3 we describe our experimental apparatus, procedure, and observable phenomena; in section 4
we analyze the experimental data for the three major influencing factors; in section 5 we present our conclusions
and make further comments about our previous theories.

II.

MODEL BUILDING AND PREDICTIONS

ence the height of a sand stalagmite, including the size
of the sand grain, the amount of liquid in the base plate,
and the flow rate of sand. To explore how these factors
influence the sand stalagmite height, we took a detailed
exploration into theories that might govern the growth
of a sand stalagmite.
A.

Capillary action

A large effect that aids the growth of a sand stalagmite
is capillary action. Two kinds of forces apply here; one
is surface tension, and another is a negative pressure due
to the curved liquid surface named Laplace pressure.
For sand stalagmites, one can think of the water between
sand particles as a bridge formed from surface tension,
or small capillary surfaces. This curved bridge creates
the Laplace pressure and helps build the sand stalagmite
to a tall castle instead of a short mountain for the case
without water. A microscopical comparison between the
case with a capillary effect and without is shown in Fig.
1.
Now, capillary effect could roughly be described by the
Young-Laplace equation,
∆p = γ∇ · n̂
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with ∆p the Laplace pressure (the pressure difference
between the exterior and interior surfaces of water),

FIG. 1: Left: model of sand stalagmite with capillary
effect. Right: model of sand without capillary effect.
We hypothesize that there are a few factors that influ-
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FIG. 2: The principal radii of the Young-Laplace
equation for a surface is given by R1 and R2 .
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FIG. 3: Bridge model: microscopic model of water
bridge formation from the perspective of Young-Laplace
equation.The two spheres on the right and left are the
sand particles.

here. There are inward (towards the inside of water)
forces from each contact with a sand particle, which push
the water upwards. The microscopic picture could be a
combination of these two.
Note that force contributions from the two principal curvature radii are same sign in the tube model, but opposite sign in the bridge model. We can guess that the
tube model have a stronger capillary effect. Therefore,
we might guess that the tube structure is what is in the
center portion of the sandcastle drawing water upwards,
and a combination of bridge and tube structure is towards the outer portions of the sand stalagmite. We
might also guess that there is a threshold height, before
which some portions of the sand stalagmite is dominated
by either the tube model or the bridge model, and after
which all parts are a uniform combination of both.
B.

FIG. 4: Tube model: microscopic model of water tube
formation from the perspective of Young-Laplace
equation.

γ the surface tension factor, n̂ the normal unit vector
pointing out of the water surface, and r1 and r2 the
principal radii of curvature (Fig. 2).
Eq. 1 and Fig. 2 indicates that for water having an
inward curvaturei.e. water having a concave), the normal vector points from the surface of water towards the
inside of water. This means that there will be a resulting
force that points towards the inside of water, and holding
the small chunks of water together. This is the capillary
effect.
We consider two capillary models that approximates the
behavior of water in a sand stalagmite. One is the bridge
model (Fig. 3), where there is a capillary bridge formed
between every two sand particles. The two tangents at
the saddle point on the surface of the water bridge are
given by the green lines. Relating back to the YoungLaplace equation, there will be a small force pointing up
due to R1 , a much larger force pointing downwards due
to R2 (they forces of opposite signs because the two radii
describe opposite curvatures). This will resulting in a net
force holding the water surfaces together.
The other model is the tube model (Fig. 4), where there
is a small water tube formed between every three or more
particles. The radii of curvature is just the sand radius

More precise model building

The next step is to come up with a more precise model
to describe a sand stalagmite. We considered doing some
dynamic analysis, but appears a but difficult. As observed from a few test trials, the formation and collapse
of stalagmite at top of castle may depend heavily on
the environment factors: unstable pouring of sand, wind
and etc, and really hard to build a model. Therefore, we
decide to simply come up with rough relations between
height of sand stalagmite and properties of sand and
water.
As mentioned at the beginning of this section, potential
factors that is related to the height of a sand stalagmite
include the size of sand, the amount of water in the base,
the flow rate of sand, and acceleration of gravity. We did
not test many influencing factors, including the acceleration of gravity, as testing it requires very high accuracy.
We experimented on three potential influence factors.
One factor is the sand grain size. We hypothesized that
the height h of a sand stalagmite and grain size rgrain of
sand follows an inverse relationship,
h∝

1
α
rgrain

(2)

with α a positive power.
The second factor we consider is the amount of water
in the base plate, which is quantified by the height of
water. We hypothesize that the sand stalagmite height
h has an inverse relation to the height hH2 O of water
provided in the base,
h ∝ hα
H2 O

(3)

with α a positive constant.
The third factor is flow rate of sand (the amount of sand
that falls on a sand stalagmite peak per second, in units of
g/sec) and pouring angle. We hypothesize that it decides
the sand stalagmite’s grow speed and shape; therefore
also its stability.
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C.

Shape of sand stalagmite

We expect that the shape of a sand stalagmite is related to the angle and flow rate of pouring the sand; with
larger angle and flow rate, the base of the stalagmite becomes larger. This makes sense as we can imagine that
larger the angle, the more proportion of sand is being
poured to the ground forming a cone base. Also, when
the flow rate is beyond a certain threshold, the sand does
not pile up on the stalagmite and just bounced off to form
a large cone base.

III.

EXPERIMENTAL METHODS AND
PHENOMENA
A.

Experimental setup

Our apparatus includes two support stands with rod,
four clamp holders, a metal rod, two rulers with uncertainty of ±0.5 mm, three funnels with opening sizes
6.5mm, 5.5mm, and 5mm, a mass scale with uncertainty of ±1g, sand with different grain sizes of diameters
0.125mm, 0.210mm, and 0.297mm, several cups, a plate,
a camera with a tripod. As shown in Fig. 4 on the left,
we put two stands on both sides of the plate. We then
fix the metal rod on the left stand and one of the rulers
on the right stand using the clamp holders. This ruler is
used to measure the height of the sandcastle. The other
ruler will be used to adjust the funnel and measure the
height of water in the plate. Next, we put a clamp holder
on the rod which is used to hold the funnel. We need to
make sure that the funnel is vertical to the table for better accuracy. To do that, we mark a straight line on the
symmetrical axis of the funnel and use the other ruler.
We make the ruler stand vertically on the table and adjust the funnel until the straight line coincides with the
edge of the ruler. During each experiment, we put a certain height of water in the plate and then pour a certain
mass of sand though the funnel. we use the mass scale
to measure the mass of sand we use, and use the ruler to
measure the height of water in the plate.
We record the whole pouring process using a camera
fixed with a tripod and upload the videos to a software
called “Tracker”. In the software, we can use the ruler
fixed on the stand to calibrate the scale in the video.
Then we set up a coordinate with the origin at the center of the plate. Finally we manually click on the top
of the sandcastle every 5 frames, and the software will
automatically track the height of those points.

B.

Formation of the sand stalagmite: phenomenon

The formation of sand stalagmite undergoes two steps,
which can be seen in Fig. 6a. The stalagmite grows fast
at the beginning, but grows slower and slower as time

FIG. 5: The apparatus. We have two similar setups
since we do experiments in two different places. The
description is mainly based on the apparatus on the
left. Water is put in the plate. Sand is poured through
the funnel. The ruler is used to calibrate the “Tracker”
to measure the height of the sandcastle.

goes by. That’s because at first, there forms a thin stalagmite which grows taller quickly until it reaches a limit
where the capillary effect can’t support higher stalagmite as shown in Fig. 6c. We call this part the “head”
of the stalagmite. Then, the sand hitting the top of the
stalagmite cannot be stick anymore but bounced to the
bottom, forming a base at the bottom as shown in Fig.
6b. We call this part the “body” of the stalagmite which
is separated with the head by the red line. The body
becomes taller and taller as sand is being poured, raising
the head on top of it. Therefore, we can think of the
formation of the sand stalagmite as first forming a head,
and then forming the body which raises that head.

IV.

RESULTS AND ANALYSIS
A.

Water height

In this experiment, we vary the height of water in the
plate to be 0.2 cm, 0.5 cm, 0.75 cm, and 1 cm, pour
400 g of sand with grain size of 0.125 mm through the
smallest funnel at 40 cm, and measure the final height of
the sand stalagmite. As shown in Fig 7a, the height of
the stalagmite increases with the height of the water.
To understand the trend, we consider again the formation of the stalagmite. The stalagmite has a body and a
head, so the final height is their sum. Since the height of
the body grows slowly, we assume that the final height
of the body is same among all our experiments since we
use the same amount of sand. Then, the change in the
height of the stalagmite is wholly due to the formation
of the head at the beginning of pouring sand.
As shown in Fig 6c, the head is a thin cone in air
with a flat base in the water. We call the part that’s in
air its “tube” since we later will treat it as an effective
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the liquid on the tube wall, ρ is the mass density, g is the
gravitational acceleration, and r0 is the tube radius.
We approximated the tube as a cylinder, similar to the
capillary tube in Jurin’s law. However, our tube is not
empty but composed of sand. We cannot directly use
the radius of the body of stalagmite as the radius of the
tube. We need to consider the water bridges between the
sand grains as shown in Fig. 7c. The blue water bridge
between each pair of sand grains can be thought as a
cylindrical tube. Then, the effective capillary tube is the
sum of all water bridges. Assuming that every bridge is
the same and since the number of sand grains is large,
the radius of the capillary tube r0 is proportional to the
radius of the tube r. Since H is inversely proportional to
r0 , it is also inversely proportional to r.
Based on the geometry shown in Fig. 7b,
(a)

r=

(b)

R tan(θ) − h
tan(θ)

(5)

Then, H = ar , where a is a proportional constant. In
addition, the total height of the stalagmite is the sum of
the height of the tube, the height of the base, and the
height of the body. We call the sum of the base and the
body together “total base” whose height Hb is unknown.
Then, the total height of the stalagmite Ht = H + Hb .
Finally, we get the relation between the total height and
the water height,

(c)

FIG. 6: (a) Height of sand stalagmite vs. Time. The
growing speed is fast at the beginning and becomes
slower as time goes by. (b) The whole picture of the
sand stalagmite. It can be separated into “head” and
“body”. (c) The head of the sand stalagmite. It can be
separated into “tube” and “base”.

capillary tube. We approximate the thin cone-shaped
tube as a cylinder to simplify our derivation. The base
is also cone-shaped having a slightly sloped surface. We
assume that the shape of base doesn’t change if we change
the height of water. Then, the difference in stalagmite’s
height would be mainly due to the cylindrical tube of the
head raised by capillary effect. The capillary effect is due
to the circular surface contact of the base with water at
the height of water. The cross section of Fig. 6c is shown
in Fig. 7b. We assumed that the triangle with base angle
θ and radius R doesn’t change for different water height
h. At h, the contact surface is a disc with radius r, and
the tube of height H is above. Based on Jurin’s law,
the maximum height of a liquid in a capillary tube is
inversely proportional to the tube’s diameter. The law is
expressed as,

Ht = H + Hb =

a
a tan(θ)
+ Hb =
+ Hb
r
R tan(θ) − h

(6)

The fitted curve is shown in Fig.
7a.
Using
tan(0.25)
scipy.curvefit function, we get Ht = 37.56
+
2.67.
R tan(0.25)−h
a = 37.56 is the overall coefficient coming from Jurin’s
law. θ = 0.25 radians = 14.32 degrees is the base angle of
the stalagmite’s base. This angle is small, which makes
sense because the base is very flat. From the fitted data,
we also find that the total base height is 2.67 cm.
B.

Grain size

To explore how the sand grain size affects the height
of a sandcastle, we tested on three different sand sizes,
as shown in Table I. Three trials are each done for the
50 and 70 mesh sizes, and two trials are done for the 120
mesh size.
Size (Mesh) 50
70
120
Radius (mm) 0.297 0.210 0.125

(4)

TABLE I: Sand grain size/radius conversion from Mesh
to mm.

where H is the liquid height (height of the tube in our
case), γ is the surface tension, φ is the contact angle of

Fig. 8 shows the growth of each sand stalagmite
over time. The tallest castle height is recorded at the

H=

2γ cos(φ)
ρgr0
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(c)
(a)

(b)

FIG. 7: (a) Sandcastle height vs. Water height. The height of sand stalagmite increases with increase in water
tan(0.25)
height. The fitted curve is Ht = 37.56
R tan(0.25)−h + 2.67. (b) The cross section of Fig. 6c. (c) Water bridge model. The
blue part is the water bridge between the sand grains.

FIG. 8: Total height vs. time: The growth of sand
stalagmite of different sand grain size over time. The
dips are when the peak of the stalagmite collapse.

maximum point on each line. As mentioned in Section
III B, in the beginning (when the sand just started
pouring) there are steep changes in height of castle as a
portion of the castle peak collapses (the dips/minima in
Fig. 8 shows the collapse) then grows to a higher height
before collapse, and the process of collapse and regrow
repeats. As time passes, this process slows down, and
at some point in time, the height after the collapse and
regrow process would remain approximately the same
for a few collapses. In other words, it will regrow to the
same height before collapse instead of growing taller.
We then record this ”tallest height” as the total height
of the sand stalagmite, htot .

FIG. 9: The height of peaks of different sized sand
grains, a data point is recorded every time the peak
falls.

We can approximate the collapsed peak to be the
shape of a cylinder, and the remaining sand base as a
tall cone. A plot of the height of small peaks of different
grain size is shown in Fig. 9. The peak size is calculated
by subtracting each minimum from its consecutive
maximum of Fig. 8. Each data point represents a
collapse. The concentrated data points at low height is
when t is small. We see that the average height of peaks
is 3.5cm, independent of grain size.
A plot of the total castle height (htot ) vs. sand grain
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rate is therefore measured in units of g/sec. The respective flow rate for different sized funnels are shown in II.
Funnel number
1
2
3
Funnel stem diameter (mm) 6.5 5.5 5
Falling rate (g/sec)
9.53 5.37 4.07

TABLE II: Falling rate of sand for different sized
funnels.

FIG. 10: Total height htot of sand stalagmite vs. grain
−0.6
size rgrain of sand. The line fit shows htot ∼ rgrain
.
size (rgrain ) is shown in Fig. 10. We then fit it with
htot =

a
b
rsand

(7)

to find a = 5.31 ± 0.62, b = 0.566 ± 0.066. Comparing
with Eq. 2, indeed the castle height and grain size
follows an inverse relationship.
−0.6
We speculate that the inverse behavior (htot ∼ rgrain
)
is true locally, in this 0.1mm-1mm grain size range. For
example, if the grain size is really large, take a basketball
as an example, capillary action no longer takes effect,
and for obvious reasons, one would build a higher castle
with the same number of basketballs as tennis balls, for
instance.
If the grain size is really small, we guess that there will
only be a cone shaped sand stalagmite, and the small
cylinder peak at the top will not be able to form as it is
not as sturdy as the cone structure. We see some of this
behavior in the 120 Mesh (smallest grain size of the three
∼ 0.125 mm) sand stalagmite. In a trial for 120 Mesh
(Fig. 8), after a period of time (∼ 200 seconds), there
are no more formation and collapse of cylindrical peaks,
and the sand stalagmite continues to grow steadily to a
taller and wider cone until the water in the base has all
been drawn up.

C.

Flow rate of sand

To test how the falling rate, or flow rate, of sand influences the height of a sand stalagmite, we used three
different funnels while keeping the sand grain size to be 70
mesh and the amount of water in the base to be the same.
We first put a plate on a weighing scale, and then pour
sand from a certain height onto the scale. We measure
the amount of sand that reaches the plate in a certain
amount of time for three different sized funnels. Flow

FIG. 11: The growth of a 70 mesh sand stalagmite over
time with different flow rates of sand, controlled by
different sized funnels. This data is modified by cutting
all the big fall offs. As we only want to research into
how fast the height grows, the big fall offs will reduce
the height and makes the fitting wrong
We found that for the three funnels, the total final
height reached are very similar. Nevertheless, the height
vs. time trends are quite different (Fig. 11). We can see
that trend for funnel 1, with the larges flow rate of sand,
has the steepest slope, or largest sand stalagmite growth
rate, out of the three.
We also tried changing the angle at which the sand falls.
For all the previous trials, we have used the funnels such
that their stem are pointing vertically downwards. Now,
we tried pointing the funnels at different angles. The
result agrees our previous predictions in shape: bigger
angle and flow rate will result in a bigger base. See fig
12 and 13.
V.

DISCUSSION

The main contribution of random error in this series of
experiment is inaccurate measurements of length / height
(for both water level and sand stalagmite). Since the
rulers that we used have a smallest scale of 1mm, the error is within ±0.5mm. Another source of error involves
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FIG. 12: bigger flow rate.

FIG. 13: smaller flow rate.
tilting angles that ideally would vanish: the funnel &
ground, ruler & ground may not be strictly perpendicular to each other. This would lead to inaccurate reading
and tracking. In addition, tilting angles in the recorded
videos may also contribute to this. However these effects
have relatively small contribution to the experimental results and almost would not change our final conclusion,
since the experimental apparatus, as well as the associated errors due to unorthogonality, is kept fixed for all
sets of experiments.

VI.

lagmite, and presented experimental results for relevant
parameters that we tested. We found that our theoretical
predictions fit the experimental data reasonably well. In
all experiments the sand stalagmite grows higher rapidly
at first and then slows down its growth, eventually reaching a final (also maximal) height. It may collapse several
times during the process, but can usually continue to
grow and become even higher. We found that the maximum sand stalagmite height is inversely proportional to
powers of the sand grain size, which is consistent with
capillary effect. In addition, the deeper water in the base
plate is, the higher the sand stalagmite, which is again
consistent with capillary effect. This can be modeled by
approximating the base part of sand stalagmite as a cone
with varying base angle and height, and the top part as
a cylinder. We also found that while changing the flow
rate or falling angle of the sand do not have noticeable
effect on the height of sandcastle, these two factors do
change the shape of sand stalagmite. Smaller flow rate
makes the sand stalagmite fatter and more stable. Nonorthogonal falling angles tend to tilt and break the entire
sand stalagmite. Other factors do not play an important role in this study. All these experimental results
are in agreement with our earlier conjectures. Therefore
we conclude that we have, to a large extent, demystified our original problem of “what determines the height
of a sand stalagmite”. It is worth mentioning that our
current conclusions are mostly qualitative and have yet
to be made more precise, which can be the subject of a
further study.

CONCLUSION

In the previous sections of this paper we proposed theoretical models regarding the height and shape of sand sta-

[1] 11th ipt lausanne switzerland problem 15 pouring sandcastles.

